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Abstract
In this talk we present a field theoretical model constructed in Minkowski N = 1 superspace
with a deformed supercoordinate algebra. Our study is motivated in part by recent results from
super-string theory, which show that in a particular scenario in Euclidean superspace the spinor
coordinates θ do not anticommute. Field theoretical consequences of this deformation were stud-
ied in a number of articles. We present a way to extend the discussion to Minkowski space, by
assuming non-vanishing anticommutators for both θ, and θ¯. We give a consistent supercoordinate
algebra, and a star product that is real and preserves the (anti)chirality of a product of (anti)chiral
superfields. We also give the Wess-Zumino Lagrangian LWZ that gains Lorentz-invariant correc-
tions due to non(anti)commutativity within our model. The Lagrangian in Minkowski superspace
is also always manifestly Hermitian.
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I. INTRODUCTION
There is a considerable amount of discussion in the literature during recent years about
a possibly richer, nontrivial structure of space-time. In many of the scenarios the space-
time coordinates xµ become noncommutative. The studies of theories with noncommuta-
tive space-time gained motivation in recent years predominantly form the observation that
string theories in a background field can be solved exactly and give coordinate operators
which do not commute [1, 2]. The parameter Θµν that characterizes the noncommutativity,
[xˆµ, xˆν ] = Θµν , is related to the background field, and is just an antisymmetric array of
c-numbers. However, theories with a c-numbers Θµν suffer from Lorentz-violating effects.
Such effects are severely constrained [3]–[13] by a variety of low energy experiments [14].
Carone, Zobin, and one of the present authors (CEC) [15] formulated and studied some phe-
nomenological consequences of a Lorentz-conserving noncommutative QED (NCQED). The
NCQED formulated in [15] has an underlying noncommutative algebra with Θµν promoted
to an operator Θˆµν that transforms like a Lorentz-tensor, and is in the same algebra with
xˆµ. Further studies of NCQED as formulated in [15] may be found in [16]–[18].
The aspect of nontrivial commutation relations among spinor coordinates of superspace
is also being discussed. Interest in supersymmetric noncommutativity has been stimulated
by some recent work (e.g., [19]–[23]), where it was shown that in Euclidean space non-
commutative supercoordinates could arise from string theory. A number of authors have
studied [21]–[31] some field theoretical consequences of deformation of N = 1 superspace
arising from nonanticommutativity of coordinates θ, while leaving θ¯’s anticommuting. This
is possible in Euclidean superspace only. In this talk we present a way to extend the dis-
cussion by making both θ and θ¯ coordinates non-anticommuting in Minkowski superspace.
The Wess-Zumino Lagrangian LWZ constructed within our model has two extra terms due
to nonanticommutativity. There is one extra term coming from
∫
d2θ¯ Φ¯ ∗ Φ¯ ∗ Φ¯ as compared
with Seiberg’s result in Euclidean superspace for LWZ , which is Lorentz invariant. Our result
for LWZ in Minkowski superspace preserves the Lorentz invariance and also is manifestly
Hermitian 1.
1 See also Ref. [32] for a more detailed discussion of this work.
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II. THE NON(ANTI)COMMUTATIVE ALGEBRA
In constricting our deformed algebra of supersymmetry parameters in Minkowski space 2,
we first require that the deformation be symmetric with respect to chiral and antichiral
coordinates. In Minkowski space, we relate ˆ¯θα˙ to θˆα by ˆ¯θα˙ = (θˆα)†. We begin constricting
the algebra by first defining the following anticommutator,
{θˆα, θˆβ} = Cαβ , (2.1)
where Cαβ is a symmetric array of c-numbers. Then it also follows that
{ ˆ¯θα˙, ˆ¯θβ˙} = C¯ α˙β˙ , (2.2)
where C¯ α˙β˙ = (Cβα)†. We further make the following simple choice for the yet unconstrained
anticommutator of θˆ and ˆ¯θ,
{ ˆ¯θα˙, θˆα} = 0. (2.3)
We chose the commutators of chiral coordinate yˆµ ≡ xˆµ+iθˆσµ ˆ¯θ, and the antichiral coordinate
ˆ¯yµ ≡ xˆµ − iθˆσµ ˆ¯θ in such a way that enables us to later write products of chiral fields, and
products of antichiral fields, in their standard form. Thus we define
[yˆµ, θˆα] = 0, (2.4)
[ˆ¯yµ, ˆ¯θα˙] = 0 . (2.5)
The choices and results in (2.1)-(2.5) also constrain the commutation relations of yˆ and of
ˆ¯y with themselves. The following condition must be satisfied
[yˆµ, yˆν]− [ˆ¯yµ, ˆ¯yν] = 4(C¯ α˙β˙ θˆαθˆβ − Cαβ ˆ¯θα˙ ˆ¯θβ˙)σµαα˙σνββ˙ . (2.6)
Commutators defined in (2.1)-(2.5), and the condition (2.6) fix the whole algebra of (xˆ, θˆ, ˆ¯θ)
coordinates, and we find that
{θˆα, θˆβ} = Cαβ , [xˆµ, θˆα] = iCαβσµ
ββ˙
ˆ¯θβ˙ , (2.7)
{ ˆ¯θα˙, ˆ¯θβ˙} = C¯ α˙β˙ , [xˆµ, ˆ¯θα˙] = iC¯ α˙β˙ θˆβσµ
ββ˙
, (2.8)
{ ˆ¯θα˙, θˆα} = 0 , [xˆµ, xˆν ] = (Cαβ ˆ¯θα˙ ˆ¯θβ˙ − C¯ α˙β˙ θˆβ θˆα)σµαα˙σνββ˙ . (2.9)
Hence, the space-time coordinates xˆµ do not commute with each other, or with the spinor
coordinates θˆ and ˆ¯θ.
2 We follow conventions of Wess and Bagger [33]
3
III. THE STAR PRODUCT
We operationally define our theory by finding a suitable star-product. A properly de-
fined star product has to reproduce the underlying noncommutative algebra of deformed
supersymmetry parameter space in its entirety. We require that the star product satisfy the
reality condition,
(f1 ∗ f2)† = f †2 ∗ f †1 (3.1)
We will limit the star product to being at most quadratic in deformation parameter Cαβ.
This is also the minimum that will allow reproducing the deformed algebra for the superco-
ordinates. We write down the star product that we use for mapping a product of functions
fˆ gˆ in noncommutative space to a product of functions in commutative space in the following
form,
fˆ gˆ ⇛ f ∗ g = f(1 + S)g. (3.2)
Here f and g can be functions of any of the three sets of variables mentioned above, and
the extra operator S is
S = −C
αβ
2
←
Qα
→
Qβ − C¯
α˙β˙
2
←
Q¯α˙
→
Q¯β˙
+
CαβCγδ
8
←
Qα
←
Qγ
→
Qδ
→
Qβ +
C¯ α˙β˙C¯ γ˙δ˙
8
←
Q¯α˙
←
Q¯γ˙
→
Q¯δ˙
→
Q¯β˙
+
CαβC¯ α˙β˙
4
(←
Q¯α˙
←
Qα
→
Q¯β˙
→
Qβ −
←
Qα
←
Q¯α˙
→
Qβ
→
Q¯β˙
)
(3.3)
Here operators Q and Q¯ are the supersymmetry generators of canonical supersymmetric
theories. The left ← and right → arrows indicate the direction of the action of operators
Q and Q¯. It’s easy to verify that the star product presented above indeed reproduces the
entire noncommutative algebra of supersymmetry parameters, and that it satisfies the reality
condition (3.1). If f and g are functions only of θ, for example, then the star product takes
the following simple form, recognizable from [21],
f(θ) ∗ g(θ) = f(θ)exp
(
−C
αβ
2
∂
←
∂θα
∂
→
∂θβ
)
g(θ)
= f(θ)
(
1− C
αβ
2
∂
←
∂θα
∂
→
∂θβ
− detC ∂
←
∂θθ
∂
→
∂θθ
)
g(θ) , (3.4)
where we adopt the following definition: ∂
∂θθ
≡ 1
4
∂
∂θα
∂
∂θα
= 1
4
ǫγη ∂
∂θγ
∂
∂θη
.
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IV. SUPERCHARGES, COVARIANT DERIVATIVES, AND SUPERFIELDS
We can now use (3.2), (3.3), and the canonical definitions of Q and Q¯ to calculate their
anticommutators. Thus in noncommutative space we obtain
{Qα, Qβ}∗ = −4C¯ α˙β˙σµαα˙σνββ˙
∂2
∂y¯µ∂y¯ν
, (4.1)
{Q¯α˙, Q¯β˙}∗ = −4Cαβσµαα˙σνββ˙
∂2
∂yµ∂yν
, (4.2)
{→Qα,
→
Q¯α˙}∗ = 2iσµαα˙
∂
∂yµ
. (4.3)
Thus, we see that the first two of the above three anticommutators of supercharges are
deformed from their canonical forms. We can still use the canonical definitions for covariant
derivatives also, and one can easily verify that their anticommutators are not deformed in
noncommutative space defined by (2.7)-(2.9).
It is important to note that the anticommutators of supercharges and covariant derivatives
with each other are not deformed either,
{Dα, Qβ} = {D¯α˙, Qβ} = {Dα, Q¯β˙} = {D¯α˙, Q¯β˙} = 0 . (4.4)
Hence, we can still define supersymmetry covariant constraints on superfields as in commu-
tative supersymmetric theory, using the following defining equations for chiral and antichiral
superfields as before,
D¯α˙Φ(y, θ) = 0 , (4.5)
DαΦ¯(y¯, θ¯) = 0 . (4.6)
On the other hand, from (4.1)-(4.3) it is also clear that the star product is not invariant
under Q or Q¯ [21, 28]. Therefore, the star product breaks whole of the supersymmetry, and
neither Q, nor Q¯ are symmetries of noncommutative space described by (2.7)-(2.9).
V. THE WESS-ZUMINO LAGRANGIAN
Chiral Φ(yˆ, θˆ), and antichiral Φ¯(ˆ¯y, ˆ¯θ) fields as defined by (4.5) and (4.6) can be expanded
as a power series in θˆ and ˆ¯θ. The series will still have terms with no more than two powers
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of θˆ and ˆ¯θ,
Φ(yˆ, θˆ) = A(yˆ) +
√
2θˆψ(θˆ) + θˆθˆF (yˆ) , (5.1)
Φ¯(ˆ¯y, ˆ¯θ) = A(ˆ¯y) +
√
2ˆ¯θψ¯(ˆ¯y) + ˆ¯θ ˆ¯θF¯ (ˆ¯y) . (5.2)
Then one can use the star product defined by (3.2), (3.3) to calculate products of chiral and
antichiral fields. For a product of two chiral fields we obtain
Φ1(y, θ) ∗ Φ2(y, θ) = Φ1(y, θ)Φ2(y, θ)− Cαβψ1αψ2β − detCF1F2
+
√
2θγCαβ
[
ǫβγ(ψ1αF2 − ψ2αF1)
+ C¯ α˙β˙σµαα˙σ
ν
γβ˙
(∂µA1∂νψ2β − ∂µA2∂νψ1β)
]
+ θθ
[
2C¯µν∂µA1∂νA2
+ CαβC¯ α˙β˙σµαα˙σ
ν
ββ˙
(∂µA1∂νF2 − ∂µA2∂νF1)
]
,
(5.3)
with ∂µ defined as ∂/∂y
µ. We can see right away that the right hand side of (5.3) is a chiral
field. Thus the star product maintains the chirality of products of chiral fields, and it can
be checked that it also maintains the antichirality of products of antichiral fields. One can
also check explicitly that the reality condition is indeed satisfied: (Φ1 ∗ Φ2) = Φ¯2 ∗ Φ¯1.
We must note that the star product (3.3) used in our studies is not associative. However,
this interesting feature causes little trouble after making a natural modification of the Weyl
ordering procedure, generalizing it for noncommutative, nonassociative products,
W(f1(f2f3)) ≡ 1
6
[
f1(f2f3) + f2(f1f3) + f2(f3f1) + f1(f3f2) + f3(f1f2) + f3(f2f1)
]
=
1
6
[
f1(f2f3 + f3f2) + f2(f1f3 + f3f1) + f3(f1f2 + f2f1)
]
.
(5.4)
and similarly for W((f1f2)f3). One can follow this by Weyl ordering the result in the normal
way and find that
W [W(f1(f2f3))] = W [W((f1f2)f3)] ≡ w(f1f2f3) . (5.5)
Thus we limit our discussion to double Weyl ordered products of fields, and we write down
the Wess-Zumino Lagrangian with double Weyl ordered terms. We would like to note that
a similar procedure was introduced by Seiberg in Ref. [21] to deal with the fact that the
star product used in his model was noncommutative. Thus, in Ref. [21] the discussion was
limited to products of fields that were Weyl ordered.
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We find the following simple result for the Wess-Zumino Lagrangian with one chiral Φ,
and one antichiral field Φ¯,
LWZ = w
[ ∫
d2θθd2θ¯θ¯ Φ¯ ∗ Φ +
∫
d2θ
(
1
2
mΦ ∗ Φ + 1
3
gΦ ∗ Φ ∗ Φ
)
+
∫
d2θ¯
(
1
2
mΦ¯ ∗ Φ¯ + 1
3
gΦ¯ ∗ Φ¯ ∗ Φ¯
)]
= L(C = 0)− 1
3
gdetCF 3 − 1
3
gdetC¯F¯ 3 + total derivatives .
(5.6)
Here w[ ] means double Weyl ordering, LWZ(C = 0) is the term representing the canoni-
cal part of the Lagrangian, and F , F¯ are the F-terms in chiral, and antichiral superfields
respectively. The total derivatives indicated in (5.6) arise due to coordinate transformation
form y, and y¯ to x, and will cancel in the action.
VI. SUMMARY
We have studied the consequences of deformation of N = 1 Minkowski superspace arising
from nonanticommutativity of coordinates θ, and θ¯. We presented a consistent algebra for
the supercoordinates, and found a star-product that reproduces all the coordinate commuta-
tion relations. We used this star product to define multiplication of arbitrary functions. The
star product developed in our studies is real, meaning it maintains the standard relations
obeyed by involutions of products of functions. As a consequence, the star product preserves
the hermiticity of a Weyl ordered product of functions. Any Lagrangian extended to non-
commutative space using star-products and Weyl ordering will necessarily remain Hermitian.
Further, the star-product maintains the chirality properties of products of both chiral, and
antichiral fields. We also made a natural generalization of the Weyl ordering procedure, to
take into account the interesting feature of nonassociativity of the star product.
The Wess-Zumino Lagrangian obtained in our model is Hermitian, and gains only Lorentz
invariant correction due to non(anti)commutativity. We note that only corrections up to
second order in deformation parameter C are presented in (5.6). Higher order corrections due
to noncommutativity may very well destroy the nice feature of Lorentz invariance, although
the Lagrangian will remain Hermitian.
We will study the problem of formulating a gauge field theory with an underlying alge-
bra (2.7)-(2.9) in a future work. Another interesting problem is to study if the deformation
of SUSY coordinate algebra considered in this work can arise from super-string theory.
7
Acknowledgments
We thank Chris Carone and Marc Sher for useful discussions. We also thank the NSF
for support under Grant PHY-0245056.
[1] F. Ardalan, H. Arfaei and M. M. Sheikh-Jabbari, JHEP 9902, 016 (1999)
[arXiv:hep-th/9810072]. F. Ardalan, H. Arfaei and M. M. Sheikh-Jabbari, Nucl. Phys. B 576,
578 (2000) [arXiv:hep-th/9906161].
[2] N. Seiberg and E. Witten, JHEP 9909, 032 (1999) [arXiv:hep-th/9908142].
[3] I. Mocioiu, M. Pospelov and R. Roiban, Phys. Lett. B 489, 390 (2000).
[4] M. Chaichian, M. M. Sheikh-Jabbari and A. Tureanu, Phys. Rev. Lett. 86, 2716 (2001).
[5] I. Hinchliffe and N. Kersting, Phys. Rev. D 64, 116007 (2001).
[6] S. M. Carroll, J. A. Harvey, V. A. Kostelecky, C. D. Lane and T. Okamoto, Phys. Rev. Lett.
87, 141601 (2001).
[7] C. E. Carlson, C. D. Carone and R. F. Lebed, Phys. Lett. B 518, 201 (2001)
[arXiv:hep-ph/0107291].
[8] A. Anisimov, T. Banks, M. Dine and M. Graesser, Phys. Rev. D 65, 085032 (2002)
[9] I. Hinchliffe, N. Kersting and Y. L. Ma, Int. J. Mod. Phys. A 19, 179 (2004)
[10] C. E. Carlson, C. D. Carone and R. F. Lebed, Phys. Lett. B 549, 337 (2002)
[arXiv:hep-ph/0209077].
[11] V. Nazaryan, Phys. Rev. D 67, 017704 (2003) [arXiv:hep-ph/0210300].
[12] O. Bertolami and L. Guisado, JHEP 0312, 013 (2003) [arXiv:hep-th/0306176].
[13] C. D. Carone, arXiv:hep-ph/0409348.
[14] C.J. Berglund et al., Phys. Rev. Lett. 75, 1879 (1995); R. L. Walsworth and D. F. Phillips,
arXiv:physics/0007062. D. Bear et al., Phys. Rev. Lett. 85, 5038 (2000) [Erratum-ibid. 89,
209902 (2002)] [arXiv:physics/0007049].
[15] C. E. Carlson, C. D. Carone and N. Zobin, Phys. Rev. D 66, 075001 (2002)
[arXiv:hep-th/0206035].
[16] K. Morita, Prog. Theor. Phys. 108, 1099 (2003) [arXiv:hep-th/0209234]; K. Morita, Prog.
Theor. Phys. 110, 1003 (2003) [arXiv:hep-th/0309159]; K. Morita, Prog. Theor. Phys. 111,
8
881 (2004) [arXiv:hep-th/0312080]; K. Morita, arXiv:hep-th/0404038.
[17] J. M. Conroy, H. J. Kwee and V. Nazaryan, Phys. Rev. D 68, 054004 (2003)
[arXiv:hep-ph/0305225].
[18] M. Haghighat and M. M. Ettefaghi, arXiv:hep-ph/0405270.
[19] H. Ooguri and C. Vafa, Adv. Theor. Math. Phys. 7, 53 (2003) [arXiv:hep-th/0302109].
[20] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, Phys. Lett. B 574, 98 (2003)
[arXiv:hep-th/0302078].
[21] N. Seiberg, JHEP 0306, 010 (2003) [arXiv:hep-th/0305248].
[22] N. Berkovits and N. Seiberg, JHEP 0307, 010 (2003) [arXiv:hep-th/0306226].
[23] A. Imaanpur and S. Parvizi, JHEP 0407, 010 (2004) [arXiv:hep-th/0403174].
[24] M. T. Grisaru, S. Penati and A. Romagnoni, JHEP 0308, 003 (2003) [arXiv:hep-th/0307099].
[25] R. Britto and B. Feng, Phys. Rev. Lett. 91, 201601 (2003) [arXiv:hep-th/0307165].
[26] D. Berenstein and S. J. Rey, Phys. Rev. D 68, 121701 (2003) [arXiv:hep-th/0308049].
[27] T. Araki, K. Ito and A. Ohtsuka, Phys. Lett. B 573, 209 (2003) [arXiv:hep-th/0307076].
[28] S. Ferrara and M. A. Lledo, JHEP 0005, 008 (2000) [arXiv:hep-th/0002084]; S. Ferrara,
M. A. Lledo and O. Macia, JHEP 0309, 068 (2003) [arXiv:hep-th/0307039].
[29] J. H. Park, JHEP 0309, 046 (2003) [arXiv:hep-th/0307060].
[30] M. Chaichian and A. Kobakhidze, arXiv:hep-th/0307243.
[31] D. Klemm, S. Penati and L. Tamassia, Class. Quant. Grav. 20, 2905 (2003)
[arXiv:hep-th/0104190].
[32] V. Nazaryan and C. E. Carlson, arXiv:hep-th/0410056.
[33] J. Wess and J. Bagger, University Press, Princeton 1992.
9
